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https://www.flickr.com/photos/mwichary/4376246859/
https://creativecommons.org/licenses/by/3.0/
https://collection.sciencemuseumgroup.org.uk/objects/co67823/portrait-of-ada-countess-of-lovelace-watercolour-drawing-portrait
https://creativecommons.org/publicdomain/zero/1.0/
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Binary

Numbers

Today…

Logic



Binary

1824 1837

Braille by Stefan Malmesjö / CC BY 2.0

Morse Code by Snodgrass & Camp
3

bit
on / off

0 / 1
yes / no

true / false

Binary data has been 
around for a long time.

The “bi” in “binary” 
means two states.

“Bit” is short for 
binary digit.

https://commons.wikimedia.org/w/index.php?curid=138848341
https://creativecommons.org/licenses/by/2.0
https://en.wikipedia.org/wiki/Morse_code#/media/File:International_Morse_Code.svg


Not Morse code
A • B •• C •••

Z •••••••
••••••••
••••••••
•••

E •
T ▂

I ••
A • ▂

N ▂ •
M ▂ ▂

S •••
U •• ▂

R • ▂ •
W • ▂ ▂

D ▂ ••
K ▂ • ▂

G ▂ ▂ •
O ▂ ▂ ▂

Morse code

D •••• E •••••

I    I I    I I I

Z •••••••
••••••••
••••••••
•••
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This trick shows that 
3 bits can encode 
exactly 8 different 
possibilities.

People instinctively 
know that two bits can 
encode four different 
possibilities.



E •
T ▂

I ••
A • ▂

N ▂ •
M ▂ ▂

S •••
U •• ▂

R • ▂ •
W • ▂ ▂

D ▂ ••
K ▂ • ▂

G ▂ ▂ •
O ▂ ▂ ▂

Morse code 1      2
2      4
3      8
4    16

30

2

4

8
16

32
64
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The number of possibilities 
doubles for every new bit, 
making the total grow 
surprisingly quickly.

1,073,741,824



The Fighting Temeraire by J. M. W. Turner 6

1101 1000

2 bits

6 bits

24 bits

16 million possible colours

?

With just 6 bits we can specify 
64 different colours.

Humans can distinguish about 
8 million colours, and so 24 bits 
(8 bits for red, 8 bits for green 
and 8 bits for blue) is enough for 
displaying any colour.

https://commons.wikimedia.org/w/index.php?curid=37144597
https://commons.wikimedia.org/w/index.php?curid=37144597
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森  0110 1000 1110 1110

β  0000 0011 1011 0010

ê   0000 0000 1110 1010

0000 1101 0101 0000  א

ぶ  0011 0000 0111 0110

https://en.wikipedia.org/wiki/List_of_Unicode_characters 

Unicode
16    65,536

Unicode is an international 
agreement on how to specify 
all the world’s characters.

With just 16 bits, there are 
65,536 possibilities.

Being binary doesn’t (necessarily) 
make computers and robots boring.

https://en.wikipedia.org/wiki/List_of_Unicode_characters


Big numbers

8
intuition



1,000,000

100,000

10,000

1,000

100

10

1

Powers of 10

1st power  

2nd power  

3rd power  103

102

101
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10 × 10 × 10

This number scale is pleasing, 
as well as useful.  It has nice, 
round numbers and a large 
dynamic range.



100,000

10,000

1,000

100

10

1

1st power  

2nd power  

3rd power  103

102

101

10

1,000                
log

3

1,000,000 Powers of 10

The log (to base 10) of 
1000 is 3.

Logs are the opposite 
of powers



log scale
100,000

10,000

1,000

100

10

1

1st power  

2nd power  

3rd power  103

102

101

11

1,000                
log

3

1         ?         93

×3×3 𝄞 Decibels 
Richter scale 

Stars by ESA/Hubble / CC BY 4.0
Nautilus by Chris 73 / CC BY-SA 3.0

exponent
exponential

Log scales come up 
anywhere there is a 
large range of values.

https://en.wikipedia.org/
wiki/Logarithm#Music 

When the ancient Greek astronomers classified stars by 
brightness, they accidentally used a log scale (which 
turned out to be very handy for modern astronomy 
because of the huge range of brightnesses).

https://en.wikipedia.org/wiki/Magnitude_(astronomy) 

A logarithmic spiral

For a small child, 
a natural halfway 
point might be 3.

https://commons.wikimedia.org/w/index.php?curid=8788068
https://creativecommons.org/licenses/by/4.0
https://commons.wikimedia.org/w/index.php?curid=19711
https://creativecommons.org/licenses/by-sa/3.0
https://creativecommons.org/licenses/by-sa/3.0
https://creativecommons.org/licenses/by-sa/3.0
https://en.wikipedia.org/wiki/Logarithm#Music
https://en.wikipedia.org/wiki/Logarithm#Music
https://en.wikipedia.org/wiki/Magnitude_(astronomy)


100

10

1

5

×5

×2

50
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Moore’s Law by Max Roser, Hannah Ritchie / CC BY 4.0
4004 by Stelo.xyz, Pttn, or Thomas Nguyen / CC BY-SA 4.0
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Moore’s Law, invented in 1965, states 
that the number of transistors on a chip 
doubles every two years.  Amazingly, it 
has held true for six decades.

Moore’s Law

Number of 
transistors

(switches)

https://en.wikipedia.org/wiki/File:Moore%27s_Law_Transistor_Count_1970-2020.png
https://creativecommons.org/licenses/by/4.0/deed.en
https://commons.wikimedia.org/w/index.php?curid=50603727
https://creativecommons.org/licenses/by-sa/4.0
https://creativecommons.org/licenses/by-sa/4.0
https://creativecommons.org/licenses/by-sa/4.0
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BBC Micro by Stuart Brady / CC0
Spectrum by Bill Bertram / CC BY-SA 2.5

Moore’s Law by Max Roser, Hannah Ritchie / CC BY 4.0

BBC Micro

Sinclair Spectrum 

6502

Z80

1982 

1981

https://commons.wikimedia.org/w/index.php?curid=11672213
https://commons.wikimedia.org/w/index.php?curid=170050
https://creativecommons.org/licenses/by-sa/2.5
https://creativecommons.org/licenses/by-sa/2.5
https://creativecommons.org/licenses/by-sa/2.5
https://en.wikipedia.org/wiki/File:Moore%27s_Law_Transistor_Count_1970-2020.png
https://creativecommons.org/licenses/by/4.0/deed.en


Moore’s Law by Max Roser, Hannah Ritchie / CC BY 4.0
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Moore’s Law

https://en.wikipedia.org/wiki/File:Moore%27s_Law_Transistor_Count_1970-2020.png
https://creativecommons.org/licenses/by/4.0/deed.en


1970 2020

50,000,000,000

0

Transistor count
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Moore’s Law plotted on a conventional, 
non-logarithmic graph looks impressive 
but is much less helpful.



Moore’s Law by Max Roser, Hannah Ritchie / CC BY 4.0
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Moore’s Law

On a log scale, an exponential 
is a straight line.

https://en.wikipedia.org/wiki/File:Moore%27s_Law_Transistor_Count_1970-2020.png
https://creativecommons.org/licenses/by/4.0/deed.en


1

2

4

8
16

32
64

powers
of 2
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1 2 4 8 16 32 64
128

256

512

1,024



mega
1,000,000

100,000

10,000

1,000

100

10

1

kilo
kilo

mega
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Powers of two drawn on a logarithmic 
graph go in a straight line.

By an odd coincidence, the 1024 and the 
1000 are very nearly the same and, 
confusingly, are both called kilo.



1,000,000,000,000,000,000
100,000,000,000,000,000

10,000,000,000,000,000
1,000,000,000,000,000

100,000,000,000,000
10,000,000,000,000

1,000,000,000,000
100,000,000,000

10,000,000,000
1,000,000,000

100,000,000
10,000,000

1,000,000
100,000

10,000
1,000

100
10

1
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The sheer number of zeros 
make us go cross-eyed.

Therefore, we need a better 
notation, as shown on the 
next slide.



1

1,000

1,000,000

1,000,000,000

1,000,000,000,000

1,000,000,000,000,000

1,000,000,000,000,000,000

10 × 10 × 10

100

103

106

109

1012

1015

1018

10 to the 15

10 raised to the
15th power

10 to the 15

Archimedes by Domenico Fetti / CC0

Archimedes

1015
quadrillion

23

Archimedes had a 
similar system for 
very large numbers.

When said aloud, the “to” 
and the “the” are barely 
audible.  But you can’t just 
say “ten fifteen” because 
the rhythm would be wrong.

If you ever see a 
number slightly 
larger than a 
thousand, it might 
be, say, 1015 being 
mistyped as 1015.

trillion

billion

quintillion

https://commons.wikimedia.org/wiki/File:Domenico-Fetti_Archimedes_1620.jpg


Frontier by OLCF / CC BY 2.0

22 MW

+  −  ×  ÷
1018  operations per second

floating-point

2 3 3.65 36.5

(1018  flops)

24

Human brain:  20 W

Frontier was the fastest 
computer in the world (until it 
was overtaken by El Capitan 
in November 2024).

Although it uses 22 megawatts, 
it held the record for the most 
efficient supercomputer, 
measured in flops per watt.

Floating-point numbers can have 
fractional values like 3.5, as well as 
whole number values like 3 or 4.

They are used in scientific 
simulations and in large language 
models (as we will see in later 
lectures).

https://en.wikipedia.org/wiki/File:Frontier_Supercomputer_(2).jpg
https://creativecommons.org/licenses/by/2.0/deed.en


Cray-1

Cray-1 by Irid Escent / CC BY-SA 2.0

115 kW

1975

160 MFLOPS

Cray-1 by FlyAkwa / CC BY-SA 4.0

6 billion times
slower

30 million times less
energy efficient
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The Cray-1 was by far the fastest 
computer in the world in 1975 but was 
6 billion times slower than Frontier.

It also had 30 million times 
fewer flops per watt than 
Frontier.

https://en.wikipedia.org/wiki/Cray-1#/media/File:Science_Museum_20180227_132902_(49362732462).jpg
https://en.wikipedia.org/wiki/Cray-1#/media/File:Science_Museum_20180227_132902_(49362732462).jpg
https://en.wikipedia.org/wiki/Cray-1#/media/File:Science_Museum_20180227_132902_(49362732462).jpg
https://creativecommons.org/licenses/by-sa/2.0
https://creativecommons.org/licenses/by-sa/2.0
https://creativecommons.org/licenses/by-sa/2.0
https://commons.wikimedia.org/w/index.php?curid=69936769
https://commons.wikimedia.org/w/index.php?curid=69936769
https://commons.wikimedia.org/w/index.php?curid=69936769
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en


bronto

moby

100

103

106

109

1012

1015

1018

1021

1024

kilo

mega

giga

tera

peta

exa

Cray-1

iPhone 11

Nvidia A100

Frontier

? human
brain

in 20 years

? human brain

GPT-3
training run
(5 months)

160 megaflops

155 gigaflops

1.1 exaflops

?

zetta

yotta

pentagon

hexagon

heptagon

octagon

312 teraflops
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? human brain

This column shows the processing 
power of various computers, going 
up in factors of about a thousand.

This column shows the total 
number of ops, rather than ops 
per second.

The figures for the human 
brain are just guesses, 
based on things like number 
of synapses times firing rate.

https://en.wikipedia.org/wiki/Hopper_(microarchitecture)
#Compute_Performance,_Interconnect_&_Networking 

https://en.wikipedia.org/wiki/Hopper_(microarchitecture)#Compute_Performance,_Interconnect_&_Networking
https://en.wikipedia.org/wiki/Hopper_(microarchitecture)#Compute_Performance,_Interconnect_&_Networking


1

1020

1040

1060

1080

10100

10120

10140

10160

stars in the observable universe GPT-3 training run

atoms in the observable universe

all the computers for a year

permutations of a pack of cards

permutations of two packs of cards
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In the game of big numbers, both 
astronomy and computers are 
dwarfed by simple things like the 
number of permutations of a pack 
of cards.

the observable universe as a computer …assuming each atom 
somehow does a trillion ops 
per second for ten billion years.

https://en.wikipedia.org/wiki/
Fermi_paradox 

Where are all the aliens?

https://en.wikipedia.org/wiki/Fermi_paradox
https://en.wikipedia.org/wiki/Fermi_paradox


Binary numbers

28



0
1
0
1

0
0
1
1

0
1
0
1

0
0
1
1

0
0
0
0
1
1
1
1

0
1
2
3
4
5
6
7

Binary

Leibniz by Francke / CC0

Leibniz

29

We can list the binary 
numbers by repeating the 
patterns we saw earlier...

…and then putting 
zeros or ones in front.

https://commons.wikimedia.org/wiki/File:Christoph_Bernhard_Francke_-_Bildnis_des_Philosophen_Leibniz_(ca._1695).jpg


0
1
0
1

0
0
1
1

0
1
0
1

0
0
1
1

0
0
0
0
1
1
1
1

0
1
2
3
4
5
6
7

Leibniz
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Binary

30Leibniz by Francke / CC0

https://commons.wikimedia.org/wiki/File:Christoph_Bernhard_Francke_-_Bildnis_des_Philosophen_Leibniz_(ca._1695).jpg


.

.

.

.

.

.

.

.

0
0
1
1
0
0
1
1

0
0
0
0
1
1
1
1

0
0.5
1
1.5
2
2.5
3
3.5

0
1
0
1
0
1
0
1

Fixed-point
numbers

0 7
Ariane 5

0 3.5
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Fixed-point numbers can represent 
fractions.  (Floating-point numbers 
are another way of getting fractions).



0
0
1
1
0
0
1
1

0
0
0
0
1
1
1
1

0
0.5
1
1.5
2
2.5
3
3.5

0
1
0
1
0
1
0
1

.

.

.

.

.

.

.

.

Fixed-point
numbers

0 7
Ariane 5

0 3.5
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The maiden voyage of the 
otherwise brilliant Ariane 5 
crashed because of a 
numerical overflow.

Among other things, it 
successfully put the James 
Webb Space Telescope into 
orbit far beyond the moon.



0
0
1
1
0
0
1
1

0
0
0
0
1
1
1
1

0
0.5
1
1.5
2
2.5
3
3.5

0
1
0
1
0
1
0
1

.

.

.

.

.

.

.

.

Fixed-point
numbers

0 7

Ariane 5 by Chris Gunn / CC0

Ariane 5

JWST full mirror by NASA / CC0

0 3.5
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https://en.wikipedia.org/wiki/Ariane_5#/media/File:Ariane_5_with_James_Webb_Space_Telescope_Prelaunch_(51773093465).jpg
https://upload.wikimedia.org/wikipedia/commons/4/45/JWST_Full_Mirror.jpg


0
1
0
1

0
0
1
1

0
1
0
1

0
0
1
1

0
0
0
0
1
1
1
1

0
1
2
3
4
5
6
7

Negative numbers

0
1
0
1

0
0
1
1

0
1
0
1

0
0
1
1

0
0
0
0
1
1
1
1

0
1
2
3

-0
-1
-2
-3

Sign bit

+
-

0
1
0
1

0
0
1
1

0
1
0
1

0
0
1
1

0
0
0
0
1
1
1
1

0
1
2
3

-4
-3
-2
-1

34
Why binary?

Here are two ways to 
represent negative 
numbers in binary.



Relay by Sonett72 / CC0

Difference Engine by Marcin Wichary / CC BY

Triodes by RJB1 / CC BY-SA 4.0

Transistors by Mister rf / CC BY-SA 3.0

Integrated circuit by Ioan Sameli / CC BY-SA 2.0

Coin By AKS.9955 / CC BY-SA 4.0
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Decimal Binary

Nearly all computers 
are binary.

https://en.wikipedia.org/wiki/File:Relay2.jpg
https://www.flickr.com/photos/mwichary/4376246859/
https://creativecommons.org/licenses/by/3.0/
https://commons.wikimedia.org/w/index.php?curid=14533720
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://en.wikipedia.org/wiki/File:Transistorer_(cropped).jpg
http://creativecommons.org/licenses/by-sa/3.0/
http://creativecommons.org/licenses/by-sa/3.0/
http://creativecommons.org/licenses/by-sa/3.0/
https://commons.wikimedia.org/w/index.php?curid=1248592
https://creativecommons.org/licenses/by-sa/2.0/deed.en
https://creativecommons.org/licenses/by-sa/2.0/deed.en
https://creativecommons.org/licenses/by-sa/2.0/deed.en
https://commons.wikimedia.org/w/index.php?curid=54746930


Binary Ternary Decimal

AnalogDigital Transistor

Money by Avij
DNA by brian0918

Dice by Brett Jordan / Unsplash
Cuneiform by Unknown artist - Marie-Lan Nguyen

Digital  things

36

Most things in modern life 
seem to be digital.  Digital 
values are convenient 
because they can be 
copied exactly.

Even DNA is digital, since it uses 
the four letters, C, G, A and T.

Binary can make arbitrarily good 
approximations to analog values.

Click this link to see a transistor.

A transistor (even a transistor in a digital 
computer) can behave in an analog fashion, but 
computers are designed so that transistors are 
usually fully on or fully off.

Morse code could have 
used 3 values, instead of 2, 
but it would have been 
awkward and error prone.

https://falstad.com/circuit/circuitjs.html?ctz=DwYwlgTgBAZgvAIgIwKgFwM6IAwDpsEECsqYIiSeATAVQOx0DM2AHFQGwCcndqIARoiLZUAB0EJhqAG4QhqALaYhAUwC0SFAD4AUFCjAYUAB6IALAShIqLKGbO3rLVPElUZaCrhJR+KnPjuAPS6+sAAagCGEABKkWAANibmlk5QjOyONi44qADurrywcghUuIyKkcbS8lAYnggA4pFoKlDhAPYJaJEA5ioIIXoGeckI9o72dg5WnO6wuUNho6bjM5pU07bsZjkIIksGvWMTs5unNM4L+4OhBjEnMztb6fOuSOz5riJQClU1kluOmAQXAEF0QA
https://commons.wikimedia.org/w/index.php?curid=143175160
https://commons.wikimedia.org/wiki/File:DNA_animation.gif
https://unsplash.com/photos/two-dices-with-6-dots-4aB1nGtD_Sg
https://unsplash.com/license
https://commons.wikimedia.org/w/index.php?curid=407203


Binary

1824 1837

Braille by Stefan Malmesjö / CC BY 2.0

Morse Code by Snodgrass & Camp
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bit
on / off

0 / 1
yes / no

true / false

logic

https://commons.wikimedia.org/w/index.php?curid=138848341
https://creativecommons.org/licenses/by/2.0
https://en.wikipedia.org/wiki/Morse_code#/media/File:International_Morse_Code.svg
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Transistor      Two transistors
NOT gate

AND gate
AND gates
Making an AND gate

XOR gate   OR gate

NAND gate

Majority vote
Full 1-bit adder

3-bit adder

Round and round      Reset     Transistors

Circuit by Miclan / CC BY-SA 4.0

Logic

Arithmetic

?
Neuron by Hariadhi / CC BY-SA 4.0

These links show different electronic circuits.

The links with the larger font were the ones we saw in the 
lecture.

All the links take you to the amazing 
https://falstad.com/circuit/circuitjs.html, where you can 
draw circuits of your own or choose from their circuits in 
the Circuits pulldown menu.

A logic gate is like 
a simple neuron.

You can do arithmetic 
with logic gates…

…and memory.

A microprocessor is mostly 
made of logic gates.

https://falstad.com/circuit/circuitjs.html?ctz=DwYwlgTgBAZgvAIgIwKgFwM6IAwDpsEECsqYIiSeATAVQOx0DM2AHFQGwCcndqIARoiLZUAB0EJhqAG4QhqALaYhAUwC0SFAD4AUFCjAYUAB6IALAShIqLKGbO3rLVPElUZaCrhJR+KnPjuAPS6+sAAagCGEABKkWAANibmlk5QjOyONi44qADurrywcghUuIyKkcbS8lAYnggA4pFoKlDhAPYJaJEA5ioIIXoGeckI9o72dg5WnO6wuUNho6bjM5pU07bsZjkIIksGvWMTs5unNM4L+4OhBjEnMztb6fOuSOz5riJQClU1kluOmAQXAEF0QA
https://falstad.com/circuit/circuitjs.html?ctz=DwYwlgTgBAZgvAIgIwKgFwM6IAwDpsEECsqYIiSeATAVQOx0DM2AHFQGwCcndqIARoiLZUAB0EJhqAG4QhqALaYhAUwC0SFAD4AUFCjAFCqADsFiAPYAbACZqFFjDBVpU8BCKjS0FXCSj8Kjj4VKgYEp42GACeFKj8NnEBPh5hCTgIAPS6+sAwUAAeiIzsLFAALGXlSOwVLG4ZUA6WtvaOzq7ZegYAagCGEABKfWBWhcWldVCMJXUNqVAA7u68sHII5bic-gp9BdLyUBgpAOJ9aCpQPdZofQDmKlk5BovjGzVQ7OUVH5qhsBkurlXkV3rVGFQfrUNOx5iIgQZBm9qtCPiioGpKvMaqhlo1dvt5AjgHdkR8qOVsFCoFQiLCAaliSDEOialTWUh-u54c9gMywVAkJxIeiKZ5uU9usB+kMRmNQSUykg6ODZsr6RKlis3OtPASDpIwqdzpdrlZbg9Jbl8grJurqeq4YoLC07A4nC5JcBMuAILogA
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